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w xAlzer 1 proved the following inequality:
1rr
n nq1n
r rF n q 1 i n i , 1 .  .  /n q 1 is1 is1
where r is a positive real number and n is a natural number.
 .In this paper we shall prove 1 in a more general context, for a
 .sequence a which satisfies an additional condition.n
w x  . w xIn 2, 3 , an elementary proof for 1 is given. The proof in 3 is based on
the following lemma:
LEMMA 1. If r is a positi¨ e real number, then
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NOTE 367
w xWe note that the proof of Lemma 1, given in 3 , can also be simplified.
 .Indeed, for each positive x , x , r, p , and p p q p s 1 ,1 2 1 2 1 2
 .1r rq1rq1 rq1p x q p x G p x q p x 3 . .1 1 2 2 1 1 2 2
 .inequality between weighted means of order r q 1 and 1 . It is now
 .  .  .sufficient to take in 3 p s wr w q 1 , p s 1r w q 1 , x s 1, and1 2 1
x s 1 y w.2
 .Instead of 1 we shall prove
1rrn ra a  an nq1 is1 iF , 4 .nq1 r /a a  anq1 n is1 i
 .where r is a positive real number and a , n G 1, is a sequence of positiven
real numbers.
 .THEOREM 1. If the sequence a , n G 1, of positi¨ e real numbers satis-n
fies
r rq1a a anq2 nq2 n
1 F y 1 q , n G 0, a s 0, 5 .0 /  /a a anq1 nq1 nq1
 .then 4 holds.
 .Proof. The proof is by induction. For n s 1, 4 becomes
ar a ar1 2 1F ,r r ra a a q a .2 1 1 2
which is equivalent to
ra a2 2
1 F y 1 , /  /a a1 1
 .and this is exactly 5 for n s 0.
 .Let us prove the next step of induction. The inequality 4 is equivalent
to
nq1 2 rq1anq1ra G , k rq1 rq1a y anq1 nks1
i.e.,
nq2 2 rq1 r rq1 r rq1a q a a y a anq1 nq2 nq1 nq2 nra G . k rq1 rq1a y anq1 nks1
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Therefore, it suffices to prove
a2 rq1 q ar arq1 y ar arq1 a2 rq1nq1 nq2 nq1 nq2 n nq2G . 6 .rq1 rq1 rq1 rq1a y a a y anq1 n nq2 nq1
 .  .But 6 is equivalent to 5 .
 .COROLLARY 1. Let the sequence a of positi¨ e real numbers satisfyn
ra a2 1G q 1, 7 . /a a1 2
a y 2 a q a G 0, n G 1. 8 .n nq1 nq2
 .Then 4 holds.
 .  .Proof. Equation 7 is equivalent to 5 for n s 0. Let us denote
 .w s a ra y 1. Then w ) 0, since the convex sequence a whichnq2 nq1 n
satisfies a ) a must be increasing. If a F 2 a then w F 1 holds as2 1 nq2 nq1
well. But if a G 2 a then we havenq2 nq1
r rq1a a anq2 nq2 ny 1 q /  /a a anq1 nq1 nq1
r ra a anq2 nq2 nq2G y 1 G G 1. /  /a a anq1 nq1 nq1
 .So, we can suppose 0 - w F 1. But, then, 8 implies
a an nq2G 1 y y 1 /a anq1 nq1
and, hence, by Lemma 1,
r rq1a a anq2 nq2 ny 1 q /  /a a anq1 nq1 nq1
rq1ra a anq2 nq2 nq2G y 1 q 1 y y 1 5 /  /a a anq1 nq1 nq1
r rq1s 1 q w w q 1 y w G 1. .  .
 .  .Thus, a satisfies 5 , and the corollary follows.n
 .COROLLARY 2. For each strictly increasing con¨ex sequence a ofn
 .positi¨ e real numbers there exists an r ) 0 such that 4 holds.
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 .Proof. The statement follows since 7 is satisfied for sufficiently
large r.
 .  .EXAMPLE 1. The sequence a s n satisfies 7 and 8 . Hence, Theo-n
rem 1 generalizes Alzer's inequality.
 .  .EXAMPLE 2. The sequence a s 2n y 1 satisfies 7 and 8 . Therefore,n
we have
1rrrn2n y 1 2n q 1  2 i y 1 .  .is1F .rnq1 /2n q 1 2n y 1  2 i y 1 .  .is1
 .  .EXAMPLE 3. The sequence a s k n y 1 q 1, k ) 0, satisfies 8 . Fur-n
 .ther, 7 is equivalent to
r
k k q 1 G 1. 9 .  .
 .  .Therefore, 4 holds for this sequence whenever 9 is valid.
n  .  .EXAMPLE 4. The sequence a s a , a ) 1, satisfies 8 . Further, 7 isn
equivalent to
1
a G q 1. 10 .ra
As in the previous example, for each r ) 0 there exists a ) 1 for which
 .10 is valid.
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